Abstract. We show that the p-adic eigenvariety constructed by AndreattaIovita-Pilloni parameterizing Hilbert modular eigenforms defined over a totally real field F is smooth at certain classical parallel weight one points which are regular at every place of F above p and also determine whether the map to the weight space at those points is etale or not. We prove these results assuming the Leopoldt conjecture for certain quadratic extensions of F in some cases, assuming the p-adic Schanuel conjecture in some cases and unconditionally in some cases, using the deformation theory of Galois representations. As a consequence, we also determine whether the 1-dimensional parallel weight eigenvariety, constructed by Kisin-Lai, is smooth or not at those points.
Introduction
In [4] , Bellaïche and Dimitrov studied the geometry of the eigencurve of tame level N at classical, regular weight one points and proved the eigencurve is smooth at all such points. Moreover, they gave a precise criterion for etaleness over the weight space at those points. The main motivation behind their investigation came from questions about specializations of primitive Hida families in weight one like how many families pass through a given weight 1 eigenform, how do those families meet, etc. The aim of this paper is to study the same question for Hilbert modular forms i.e. to study the geometry of the eigenvariety for Hilbert modular forms constructed by Andreatta-Iovita-Pilloni in [1] at classical, regular points of parallel weight 1.
Before elaborating more on the last paragraph and stating our results, let us fix some notations that we will use throughout the paper. Denote by G L the absolute Galois group of a field L. Let Q ⊂ C be the field of algebraic numbers. Let F be a totally real field of degree n over Q. Let i 1 , · · · , i n denote the distinct complex embeddings of F . Fix complex embeddings m 1 , · · · , m n of Q such that m j is an extension of i j for all 1 ≤ j ≤ n. So, we have complex conjugations τ 1 , · · · , τ n in G F such that τ j is the complex conjugation attached to i j i.e. m j (τ j (x)) = (m j (x)) for all 1 ≤ j ≤ n. Note that τ 1 , · · · , τ n need not be distinct. Fix a prime number p and an integer N ≥ 4 such that p N . Let us also fix an algebraic closure Q p of Q p and an embedding i p : Q → Q p . Let p 1 , · · · , p r denote the distinct primes of F lying above p.
Let f be a Hilbert modular eigenform over F of parallel weight one, level M (and tame level N ) and nebentypus ψ. So, ψ is a character from Cl F,+ (M ) → C * , where
Cl F,+ (M ) is the strict ray class group of F modulo M . From the works of Rogawski and Tunnell ( [17] ) and Wiles ([20] ), it follows that there exists a continuous representation with finite image :
which is unramified outside M and such that for all q M , we have Trρ f (Frob q ) = a(q, f ) and det ρ f (Frob q ) = ψ(q), where Frob q denotes an arithmetic Frobenius at q and a(q, f ) denotes the eigenvalue of f with respect to the Hecke operator T (q).
Moreover, ρ f is odd in the sense that det ρ f (τ j ) = −1 for every 1 ≤ j ≤ n. For a prime p i of F above p, let α p i and β p i be the roots of the Hecke polynomial X 2 − a(p i , f )X + ψ(p i ). We say that f is regular at p i if α p i = β p i . We say that f is regular at p if it is regular at all primes of F above p i.e. when α p i = β p i for all
In [1] , Andreatta, Iovita and Pilloni constructed the eigenvariety E for Hilbert modular eigenforms of tame level N defined over F with the Hecke operators U (p i ) for i = 1, · · · , r and T (q) for q N p. Note that the normalization of the operators U (p i ) used in [1] to construct E is different from the classical normalization. The normalization that they use is the same as the one defined by Hida in [10] . Note that these operators coincide with the classical U (p i On the other hand, Kisin and Lai ( [13] ) constructed the parallel weight eigenvariety C of dimension 1 (which we will call the Kisin-Lai eigencurve) for parallel weight Hilbert modular forms of tame level N defined over F by extending the original construction of the eigencurve for F = Q given by Coleman and Mazur. The construction of Andreatta, iovita and Pilloni in the parallel weight case is equivalent to Kisin-Lai's construction (see [1, Section 1] ). So, if we denote the weights of E by (ν, w) following [1] , then we can identify the Kisin-Lai eigencurve C with the closed subspace of E obtained after making ν = 0.
If f is a classical Hilbert modular form of parallel weight 1 and tame level N , then a p-stabilization of f with finite slope defines a point on E. By a p-stabilization of f with finite slope, we mean an eigenform of tame level N having the same eigenvalues as f away from p and having a nonzero U p i eigenvalue for i = 1, · · · , r. We denote a p-stabilization of f by f (γ i ) , where (γ i ) is an r-tuple such that U p j f (γ i ) = γ j f (γ i ) for j = 1, · · · , r. A p-stabilization of f is obtained in the same way as it is obtained in the F = Q case. So, γ i is either α p i or β p i and nonzero for all 1 ≤ i ≤ r. Thus, there are at most 2 r p-stabilizations of f . If f is regular at p, then U (p i )-eigenvalue of any p-stabilization is a p-adic unit (see [17] , [16] , [20] ). Hence, by [20] , If f is regular at p, then ρ f is ordinary at p i for i = 1, · · · , r.
Fix a classical Hilbert modular form f over F of parallel weight 1 and tame level N such that it is also regular at p. Let ρ be the Galois representation attached to f as above. So, ρ| G F p i is an extension of an unramified character ψ i , by a distinct character ψ i for every 1 ≤ i ≤ r. For any local Artinian ring A with maximal ideal m A and residue field Q p , let D(A) be the set of strict equivalence classes of representations ρ A : G F → GL 2 (A) such that ρ A (mod m A ) = ρ and which are nearly ordinary at p in the sense that : for every 1 ≤ i ≤ r, we have Let G be the projective image of ρ. Denote by adρ the adjoint representation of ρ and by ad 0 ρ the subspace of adρ of trace zero endomorphisms. Moreover, assume that G is isomorphic to a non-abelian dihedral group. Thus, there exists a unique extension K of F of degree 2 and a finite order character χ :
where (ψ i
where σ is the non-trivial element of Gal(K/F ), K is the quadratic character corresponding to K and χ σ is the character of G K given by χ σ (g) = χ(σ −1 gσ).
Let n be [F : Q], the degree of F over Q. Denote by e i the index of ramification and by f i the inertial degree of p i for every 1 ≤ i ≤ r. Let S be the set of primes of F lying above p which are split in K and S be the set of primes of F which are either inert or ramified in K.
We now recall the p-adic Schanuel conjecture : Conjecture 1. (p-adic Schanuel conjecture) Let α 1 , · · · , α n be n non-zero algebraic numbers contained in a finite extension E of Q p . Let log p : E * → E be the p-adic logarithm normalized so that log p (p) = 0. If log p α 1 , · · · , log p α n are linearly independent over Q, then the extension field Q(log p α 1 , · · · , log p α n ) ⊂ E has transcendence degree n over Q.
(See Conjecture 3.10 of [7] ) Theorem 1. Under the assumptions and notations as above, we have :
K has at least 2 and at most 2(n−1) real embeddings
Remark.
(1) From the proof of the theorem above, it will follow that assuming the Leopoldt conjecture for K is not necessary to get the inequalities
when K has exactly 2(n − 1) real embeddings. Moreover, the proof also implies that the result of Theorem 1 in the first case above, where K is totally real, also holds when G is isomorphic to Z/2Z × Z/2Z under the same assumptions and conditions given in the table above.
(2) The fourth case of Theorem 1 above, where K is a real quadratic field and p i ∈S e i f i ≥ 1, is a special instance of the second case, where K has exactly 2(n − 1) real embeddings. However, we need to assume the Leopoldt conjecture for K to compute the tangent space dimensions in the second case, while we can compute these dimensions unconditionally in the fourth
proof of Theorem 1] that the Leopoldt conjecture is indeed true for K. So, we don't keep that condition in the fourth case.
(3) Observe that, to compute the dimensions of the tangent spaces in the cases considered in Theorem 1 above, we need to assume the Leopoldt conjecture for K at the very least. But, in [4] , Bellaïche and Dimitrov compute the dimensions of these tangent spaces in all the cases when F = Q without any conditions. Note that, when F = Q and f is an eigenform such that
χ as above, K is either a real quadratic field or a quadratic imaginary field. Thus, rank Z (O K × ) is either 0 or 1 and hence, the Leopoldt conjecture is true for K. Therefore, they don't need to keep that assumption to compute the dimensions in those cases.
Let f (γ i ) be a p-stabilization of f . So, the local ring T of E at f (γ i ) is a complete noetherian ring with residue field Q p and its Krull dimension is n + 1. From the works of Hida ([11] ), it follows that there is a nearly ordinary representation ρ T :
This induces a map R → T , where R is the universal deformation ring parameterizing nearly ordinary deformations of ρ. Moreover, using results of [11] and arguments of [4] (used in Sec. 5 and 6 of [4]), we see that this map is surjective. We know that the largest quotient of T on which we get a ordinary deformation of ρ with constant determinant is the algebra T of the fiber of κ at f (γ i ) and hence, is of Krull dimension 0. Thus, we get a surjective map R T , where R is the universal deformation ring parameterizing ordinary deformations of ρ with constant determinant.
Let T 0 be the local ring of C at f (γ i ) . By similar arguments as above, we get an
where R 0 is the universal deformation ring parameterizing ordinary deformations of ρ. As C has dimension 1, T 0 is a complete noetherian ring with residue field Q p and Krull dimension 1. As C with the closed subspace of E obtained after keeping all the weights same, we get a surjective map T T 0 such that the surjective map T T factors through it.
Hence, using Theorem 1 along with the discussion in the preceding paragraphs, we obtain the following results regarding the geometry of E and C at f (γ i ) satisfying the conditions of Theorem 1 :
Theorem 2. Suppose K has at least 2(n − 1) real embeddings and the Leopoldt conjecture is true for K. Then, the eigenvariety E is smooth at f (γ i ) . Moreover :
(1) If K is totally real, then the weight map κ is etale at f (γ i ) if and only if p i ∈S e i f i = 0 (i.e. no prime of F lying above p is split in K) and the parallel weight eigenvariety C is smooth at f (γ i ) if and only if p i ∈S e i f i ≤ 1.
(2) If K has exactly 2(n − 1) real embeddings, then the weight map κ is not etale at f (γ i ) if p i ∈S e i f i ≥ 2 and the parallel weight eigenvariety C is not smooth at Theorem 5. Suppose F be a totally real field such that 2 ≤ n ≤ 3, K is not a totally real or CM field, p i ∈S e i f i = 2 and the p-adic Schanuel conjecture is true.
Then, the weight map κ is etale at f (γ i ) . Hence, the eigenvarieties E and C are smooth at f (γ i ) .
Note that, we can use the arguments of [4, Section 7] in the cases considered above to prove that local rings of the full eigenvarieties E full and C full at f (γ i ) are isomorphic to T and T 0 , respectively. Note that, we need results of [8] , [19] , [17] , [16] , [12] to use the arguments of [4] . This allows us to conclude that there is a unique nearly-ordinary Hida family passing through f (γ i ) satisfying the conditions of Theorem 1 and also get examples of f (γ i ) with only one ordinary Hida family passing through it (smooth points of C). Moreover, the existence of non-smooth points of C) indicates the possibility of getting examples of f (γ i ) with more than one ordinary Hida family passing through it.
Taking an inspiration from Theorem 2, we make the following conjecture :
Conjecture 2. Keeping the assumptions and notations established just before Theorem 1, suppose K has exactly 2(n − r) real embeddings. Then, dim t D = n + 1 and
As a consequence of the conjecture above, we get the following result :
Let f be a Hilbert modular form over F satisfying the properties of Conjecture 2 and f (γ i ) be a p-stabilization of f . Then, the eigenvariety E is smooth at f (γ i ) . The weight map κ is etale at f (γ i ) if and only if ( p i ∈S e i f i ) − r ≤ 0.
Let us give an outline of the techniques used to prove Theorem 1. We identify t D as a certain subspace of H 1 (F, ad 0 ρ) and t D 0 , t D as certain subspaces of H 1 (F, adρ).
As ρ has finite image, following [4] , we apply inflation-restriction sequences to see the tangent spaces as subspaces of Hom(G H , Q p ) ⊗ adρ, where H is the finite Galois extension of F cut out by adρ. We use the fact that G is a non-abelian dihedral group to get an explicit description of the possible elements of these spaces in the cases mentioned in Theorem 1. After getting the explicit description, we use the technique of using algebraic subspace of Hom(G H , Q p ) of [4] to get an upper bound on the dimension of tangent spaces and use the structure of O × H ⊗ Z Q as a Grepresentation to get a lower bound on the dimension of tangent spaces whenever possible. In some cases, this already gives us the dimension of some tangent spaces, for instance, the dimension of t D in the second case of Theorem 1 when all primes of F lying above p are split in K. We then use the explicit description of the elements of tangent spaces along with the techniques of [4] and some transcendence results to compute the dimensions of remaining tangent spaces.
The transcendence results that we use to compute the dimension are the BakerBrumer theorem, the Leopoldt conjecture and the p-adic Schanuel conjecture. They can be ordered from weakest to strongest, with the Baker-Brumer theorem being the weakest and the p-adic Schanuel conjecture being the strongest. In fact, the p-adic Schanuel conjecture implies the Leopoldt conjecture (see Theorem 6.4 of [14] ). Note that, we use only one of the Baker-Brumer theorem, the Leopoldt conjecture and the p-adic Schanuel conjecture depending on the case in hand. More specifically, we try to give the proofs using the weakest possible results of the above. It turns out that, in some cases the weakest of the transcendence results (the Baker-Brumer theorem) is sufficient, but in some cases, we have to assume the strongest of the transcendence results (the p-adic Schanuel conjecture) to conclude our results.
Acknowledgments. I would like to thank my Ph.D. advisor Joël Bellaïche for suggesting this problem to me and for all the help and encouragement he provided during the completion of this paper. This paper would not have been possible without his help. I would also like to thank Chandrashekhar Khare for some helpful conversations regarding this paper.
Tangent spaces of nearly ordinary and ordinary deformation problems
We keep the notations from the previous section. Even though all our main theorems are for finite image representations (coming from classical Hilbert modular forms of parallel weight 1 which are regular at p) with dihedral projective image, the results that we state here and in the next sections ( § 3 and § 4) will also hold for a general finite image representation (coming from classical Hilbert modular forms of parallel weight 1 which are regular at p) unless specified otherwise. So, in what follows, we keep all the assumptions on ρ from the previous section except the assumption of projective dihedral image.
2.1.
Relations with the cohomology groups. Since the representation ρ has finite image, it is equivalent to a representation whose image is in GL 2 (Q). Using the embedding i p , we can see ρ as a representation of G F on a 2-dimensional Q pvector space V . Recall that, for a prime p i of F lying above p, ρ| Gp i is an extension of an unramified character ψ i by a distinct character ψ i . Since ρ has finite image, we can fix a basis (e 1,i , e 2,i ) of V for which ρ(G F ) ⊂ GL 2 (Q) and such that ρ| Gp i acts by the character ψ i on Q p e 1,i and by ψ i on Q p e 2,i . This basis is well-defined up to a scaling in the sense that if (f 1,i , f 2,i ) is another such basis, then there exist
× such that f 1,i = x i e 1,i and f 2,i = y i e 2,i . Note that this basis may be different for different primes of F lying above p. Thus, we have a set of r possibly distinct bases, one for each prime of F lying above p.
Choosing each basis (e 1,i , e 2,i ) of V as above, we can identify End Q p (V ) with M 2 (Q p ). Hence, we get four continuous maps
given by the upper-left, upper-right, lower-left and lower-right entries of matrices, respectively. By definition of the basis (e 1,i , e 2,i ), these maps are morphisms of G Fp i as follows :
Recall that we have chosen an embedding G Fp i → G F , which gives us the restric-
Composing this restriction morphism
Denote by I p i the inertia group at p i . By composing the restriction morphism
We have :
Proof. Same as the proof of Lemma 2.3 of [4] . We just need to repeat their argument for every prime p i of F lying above p.
Application of inflation-restriction. Let H be a finite extension of F and
The choice of decomposition group at every prime p i of F above p singles out a prime w i among the primes of H lying above p i along with embeddings
Lemma 2. For every i between 1 and r, let W 1,i be a quotient of W as a G Fp irepresentation and W 2,i be a quotient of W as a I p i -representation. Then the restriction morphism yields the following isomorphisms :
Proof. Same as the proof of Lemma 2.4 of [4].
Now we take H to be the subfield of Q fixed by ker(adρ). Then G = Gal(H/F ) identifies naturally with the projective image of ρ which we will call Proj(ρ). We will now fix this notation for the rest of the paper. After choosing a basis (e 1 , e 2 ), we can view Proj(ρ)(g) as an element of P GL 2 (Q) for every g ∈ G. For a matrix X ∈ M 2 (Q p ), by abuse of notation, we shall denote by ρ(g)Xρ(g) −1 the image of X by the adjoint action of Proj(ρ)(g).
As ρ(H) = 1, it follows that
Hence, as 
We shall denote by O H the ring of integers of H and byĜ the set of equivalence classes of left irreducible representations of G = Gal(H/F ) over Q or over Q p (the two sets are identified using the embedding i p ). We shall denote the trivial representation of G by 1. 
for some h sw ∈ Q p , where J w is the set of all embeddings of H w in Q p .
Let S be the set of all embeddings of H in Q. The commutative diagram
along with the embedding Q ⊂ C defines a partition
Let i 1 , · · · , i n be embeddings of H in Q such that they lift the embeddings i 1 , · · · , i n of F in Q and in the partition of S given above, they lie in the set w i J w i (i.e. when we compose any of these embeddings with i p , the place of H above p that it chooses in the diagram above is one of the w i 's). It is clear that such embeddings do exist. Note that, we also have S =
As g ∈ G acts on the left on this basis sending log
there is a canonical isomorphism of left G-representations : 
where the first map is dual to the Artin reciprocity map, and the second is the restriction with respect to the inclusion
The surjectivity of the last map above is equivalent to the Leopoldt conjecture for H.
By Minkowski's proof of Dirichlet's unit theorem, we get the following isomorphism of left G-representations :
{+,j} be the subspace of π on which τ j acts by 1 and π {−,j} be the subspace of π on which τ j acts by −1. So, using this notation, we have
The Leopoldt conjecture for H at the prime p is equivalent to the equality m π = 
Since each irreducible component summand of ad 0 ρ is non-trivial, self-dual and without multiplicity (see
where π runs over all irreducible summands of ad 0 ρ. As ρ is odd, the eigenvalues of ad 0 ρ(τ j ) are 1, −1, −1 for j = 1, · · · , n. Therefore, for every sum-
, where the first sum is taken over all irreducible summands of ad 0 ρ. This finishes the proof of the lemma.
Bounds on the dimension of tangent spaces
Proposition 1. Suppose the Leopoldt conjecture is true for F . Then we have the following inequalities :
Proof. Recall that, we have the following description of the tangent spaces :
We know that adρ = ad 0 ρ ⊕ Q p and dim H 1 (F, Q p ) = 1 as we have assumed the Leopoldt conjecture to be true for F . Thus, it follows that dim
From Tate's local Euler characteristic formula, we get that dim
, where e p i is the index of ramification and f p i is the inertial degree of p i , for i = 1, · · · , r. From local class field theory it follows that the rank of the
follows that the rank of both the maps C i, * and D i, * is at most e p i f p i , for all i.
From the proof of Lemma 5 along with the discussion preceding the lemma, it follows that dim H 1 (F, ad 0 ρ) ≥ 2n. Since we assume that the Leopoldt conjecture is true for F , we get that dim
To conclude the remaining inequality, it is enough to prove dim
Hence, it follows that dim t D ≤ dim t D + n + 1 and the proof of the proposition is complete.
Fix an integer i 0 such that 1 ≤ i 0 ≤ r. Fix the basis (e 1,i 0 , e 2,i 0 ), which we introduced in section 1. So, under this basis, the image of ρ| G F p i 0 is diagonal. Thus, from Lemma 3, it follows that under this basis, an element of
such that for every g ∈ G and 1 ≤ j ≤ n, we have :
(Recall that, we are abusing the notation by denoting the image of X ∈ M 2 (Q p ) by the adjoint action of Proj(ρ)(g) by ρ(g)Xρ(g) −1 ).
Proposition 2. The tangent space t D has dimension at most n. 
Proof. Let
Now, the condition c (i) (G Hw i ) = 0 and
. We had chosen i 1 , · · · , i n such that, in the partition of the set of Q-embeddings of H given in (1),
by combining all the observations above, we see that
Since the matrices P i and ρ(g) are fixed (because we have fixed a basis), we see that the element a b c d of t D is determined completely by the n-tuple (b k ) 1≤k≤n
as above. Hence, it implies that dim t D ≤ n.
Remark. Note that, in the proof above, the bases (e 1,i , e 2,i ) that we are choosing satisfy the property that under the basis (e 1,i , e 2,i ), the image of ρ| G F p i is diagonal and ρ(G F ) ⊂ GL 2 (Q). Moreover, ρ has finite image. So, we can choose the change of basis matrices P i for the bases as above such that P i ∈ GL 2 (Q) for all i.
It turns out that, in most cases, we can get a slightly better upper bound on the dimension of t D .
Proposition 3.
If there does not exist a totally real field K of degree 2 over F such that ρ| G K is reducible, then the dimension of the tangent space t D is at most n − 1.
Proof. Suppose dim t D > n − 1. Then, from Proposition 2, it follows that dim t D = n. From the equation (2) -tuples (b 1 , . .., b n ) such that if we substitute them in the RHS of (2), we get a matrix with entries in H 1 (H, Q p ). Hence, the equality dim t D = n implies that the entries of the matrix
and hence, is an element of t D for every 1 ≤ k ≤ n. Recall that, the i in the equation above is such that i k ∈ J w i .
From the remark after Proposition 2, it follows that P i ∈ GL 2 (Q p ) for every
, then the map above is a map of Gbimodules i.e. it is equivariant for both right and left action of G on the source and the target.
It follows, by the argument used in the proof of [4, Theorem 3.5] , that as g∈G a g,k g, g∈G b g,k g, g∈G c g,k g, g∈G d g,k g, they lie in the kernel of the structural homomorphism above. However, from the representation theory of finite groups, we know that the kernel of the structural map is isomorphic to ⊕ π π dim π , where the sum is over all π ∈Ĝ which do not appear in O Our assumptions on ρ imply that we are in one of the following cases (see [4] for more details :
(1) G is isomorphic to either A 4 , S 4 or A 5 and ad 0 ρ is irreducible.
(2) G is a non-abelian dihedral group. In this case, there exists a unique quadratic extension K of F which is not totally real and a finite order character
(χ/χ σ ) (we are using the same notations as used in the introduction0. Thus, ad 0 ρ is a sum of two irreducible representations. (3) G is isomorphic to Z/2Z × Z/2Z. In this case, there exists three quadratic extensions K, K and K of F such that none of them is totally real and
is G-stable and, as a G-representation, is isomorphic to a sub-representation of ad 0 ρ. Moreover, W is non-trivial as at least one of its generators is non-zero and is contained in the kernel of the structure homomorphism.
If we are in the first case, then, as ad 0 ρ is irreducible and W is non-trivial, the representation W should be isomorphic ad 0 ρ. However, the eigenvalues of ad 0 ρ(τ j ) are 1, −1 and −1 for all τ j 's. Hence, the kernel of the structure homomorphism does not contain any copies of ad 0 ρ. Thus, we get a contradiction in this case.
If we are in the second case, then, as K is not totally real, there exists a τ j such that K (τ j ) = −1. Thus, we see that the eigenvalues of Ind
σ )(τ j ) are 1 and −1 and hence, the kernel of the structure homomorphism does not contain any copy of it. If K is not CM, then there exists a τ j such that K (τ j ) = 1. So, the kernel does not contain any copy of K as well. Thus, W should be 0 in this case. But we know that W is non-zero. Hence, we get a contradiction. If K is a CM field, then K (τ j ) = −1 for all j. So, in this case, W K . This would imply that the subspace Q p e 1,i of ρ is G stable (see [4, proof of Thm. 2.2] for more details). But this is not possible as ρ is irreducible. Thus, we get a contradiction in this case.
If we are in the third case, then, as none of K, K and K are totally real, there exists τ j , τ j and τ j such that K (τ j ) = −1, K (τ j ) = −1 and K (τ j ) = −1.
Thus, the kernel of the structure homomorphism does not contain a copy of any of these 3 representations. So, W should be 0. But we know that W is non-zero. Thus, we get a contradiction in this case also.
The analysis above shows that, under the assumptions of this proposition, we get a contradiction if we assume dim t D > n−1. Hence, it is proved that dim t D ≤ n−1 under the assumptions of this proposition.
Description of the tangent spaces in the dihedral case
Now suppose that Proj(ρ) = G is a dihedral group. So, there exists a quadratic extension K of F and a character χ :
non-abelian, then K is a unique such quadratic extension of F . In this case, ad 0 ρ
, where K is the quadratic character of K, σ is the non-trivial element of Gal(K/F ) and χ σ is the character of G K given by χ σ (g) = χ(σ −1 gσ).
Fix a basis (e 1 , e 2 ) of V such that ρ(G F ) ⊂ GL 2 (Q) and ρ| G K acts diagonally on V under this basis. Thus such a basis is well-defined up to scaling. If p i is split in K, then we can take (e 1,i , e 2,i ) = (e 1 , e 2 ). If p i is inert or ramified in K, then its image in the dihedral group G contains an element of order 2 which is not contained in the image of G K in G. Call this element σ by abuse of notation. We can scale the basis (e 1 , e 2 ) by scalars in Q × so that Proj(ρ(σ)) = 0 1 1 0 ∈ P GL 2 (Q).
So ρ(σ) will be diagonal under the basis (e 1 + e 2 , e 1 − e 2 ). Hence, we can take (e 1,i , e 2,i ) = (e 1 + e 2 , e 1 − e 2 ).
If a b c d
is an element of t D under this basis (e 1 , e 2 ), then by combining the observations above, we have :
where I is the subset of {1, · · · , n} such that if k ∈ I, then i k ∈ J w i with the prime of F below w i is split in K and I is the subset of {1, · · · , n} such that if k ∈ I , then i k ∈ J w i with the prime of F below w i is either inert or ramified in K. Observe that, {1, · · · , n} = I I .
Let C be the image of G K in G and let σ be the element of G such that its image in P GL 2 (Q) is 0 1 1 0 under the basis (e 1 , e 2 ). Thus, from above, we get the following information :
Thus, we have a complete description of a possible element of t D in the dihedral case.
Using the same logic that we used in the case of t D , we see that if a b c d is an element of t D 0 under the basis (e 1 , e 2 ), then
and if a b c d is an element of t D under the basis (e 1 , e 2 ), then
Observe that, if a b c d is an element of t D under the basis (e 1 , e 2 ) chosen above, then the subspace of Hom(G H , Q p ) generated by a and d is isomorphic to 1 ⊕ K as a G-representation.
To be more precise, the subspace generated by a + d is isomorphic to 1 and the subspace generated by a − d is isomorphic to K as Grepresentations. The subspace generated by b and c is isomorphic to Ind
as a G-representation. If the Leopoldt conjecture is true for K, then it implies that the trivial representation 1 occurs in Hom(G H , Q p ) with multiplicity one and it is generated by the element n k=1
is an element of t D under the basis (e 1 , e 2 ), then Suppose that ρ Ind
χ and K is totally real. Here, we do not put the assumption that G is non-abelian. So, it can be Z/2Z × Z/2Z. Recall that, in this case,
Fix the basis (e 1 , e 2 ) as above and we will also use the notation of the last section. Let C be the image of G K in G. As K is totally real, G is a dihedral group with order divisible by 4 and τ 1 = · · · = τ n = τ , where τ is the unique element of C of order 2.
Thus, if the Leopoldt conjecture is true for K, then K does not appear at all in Hom(G H , Q p ). On the other hand, Ind Thus, in this case, dim
This finishes the proof of the first case of the theorem. Now suppose that ρ Ind
χ, G is non-abelian and K has exactly 2(n − 1) real embeddings. Retaining the notations from the previous case, we see that G is a non-abelian dihedral group with order divisible by 4, (after reordering τ i 's if necessary) τ 1 = · · · = τ n−1 = τ and τ n ∈ G\C. If the Leopoldt conjecture is true for K, then K appears in Hom(G H , Q p ) with multiplicity 1. On the other hand, from Lemma 4 and the discussion made just before the lemma, it follows that Ind is 2n − 1, we get that dim W ≥ 2n − 1 − n = n − 1. Since, Ind(χ/χ σ ) appears in
, the description of a general element of W found above along with the same argument that was used in the proof of Proposition 3 would imply that dim W < n. Thus, dim W = n − 1 and dim t D ≤ n + 1. By Proposition 2, we have
Note that, as t D is obtained from t D by putting the extra conditions a k = d k = 0 for all k in (5), the subspace t D ∩W of W is obtained by putting the extra conditions
This concludes the proof of Theorem 1 for case 2.
Observe that, we did not use the Leopoldt conjecture to get this lower bound.
Indeed, we only used the equality dim Hom G (Ind
along with the descriptions of W and t D , all of which are obtained without using the Leopoldt conjecture. If all primes of F lying above p are split in K i.e. p i ∈S e i f i = n, then we have proved above (without assuming the Leopoldt conjecture) that dim t D ≥ n − 1. By Proposition 3, we have dim t D ≤ n − 1. Hence, we get dim t D = n − 1 unconditionally if all primes of F above p are split in K.
Proof of Theorem 1 for case 4
Suppose F is a real quadratic field. We are assuming that ρ = Ind
χ, G is a non-abelian dihedral group, K has exactly 2 real embeddings and p i ∈S e i f i ≥ 1. 
In particular, we see that a = 2 k=1 a k g∈C g. As the Leopoldt conjecture is true for F , it follows that a 1 = a 2 . So, a = a 1 (
As K has exactly 2 real embeddings, our choice of i 1 and i 2 forces one of them to be a complex embedding and the other one to be a real embedding. Without loss of generality, suppose i 1 is a real embedding. Now if (i 1 (u)i 2 (u)) n = 1 for some n, then we see that i 2 (u n ) is real. But i 2 is a complex embedding of K and the maximal real subfield of i 2 (K) is i 2 (F ). So, we see that i 2 (u n ) ∈ i 2 (F ) which implies that u n ∈ F . But this contradicts our assumption that u generates a finite index
is not a root of unity which implies that log p (i p • (i 1 (u)i 2 (u))) = 0. Thus, we get that a 1 = 0. Therefore,
Suppose that one of the primes of F above p splits in K and the other remains inert or ramifies in K. Then, (without loss of generality), an element
Note that, g∈C g − g∈G\C g ∈ Q[G]. The Q-subspace spanned by this element is G-stable and isomorphic to K as a G-representation. But we know that 
g. Thus, we see that a = d = 0 and b,c generate a representation isomorphic to Ind
. We know that Ind
. So, from the proof of Proposition 3, we see that b 1 = 0. Hence, we get dim t D = 0. Therefore, from Proposition 1, it follows that dim t D 0 = 1 and dim t D = 3. This concludes the proof of Theorem 1 for the fourth case.
Proof of Theorem 1 for case 5
Suppose F is a totally real field with 2 ≤ n ≤ 3, where [F : Q] = n. We are assuming that ρ = Ind
χ, G is a non-abelian dihedral group, K has at least 2 and at most 2(n − 1) real embeddings and p i ∈S e i f i = 2.
Thus, u is not a root of unity. We know that a(u) = 0 and hence, from the previous section, it follows that
Assume both of them are non-zero.
H be such that the image of u 0 ⊗ 1 under the isomorphism above lands in V and Q-vector space generated by {g(u 0 ) ⊗ 1} contains Ind
As b(u 0 ) = 0, we see, from (3) and last paragraph, that log
We will view all the units involved in the equation above as elements of H , where H is the Galois closure of H over Q. Let G = Gal(H /Q) and G = Gal(H /F ). So, G is a quotient of G . From the logic used in the proof of the fourth case of Theorem 1 above, we see that i 1 (u) and i 2 (u) are linearly independent over Z. Let {e 1 , · · · , e m } be the subset of {i k (g(u 0 ))} g∈G,k=1,2 such that it forms a Q-basis of M ⊗ Z Q, where M is the Z-module generated by {i k (g(u 0 ))} g∈G,k=1,2 . Observe that, i 1 (u), i 2 (u), e 1 , · · · , e m are linearly independent over Z. Indeed, from our choice of u and u 0 , it follows that the Q-subspace of O × H ⊗ Z Q generated by i 1 (u) and i 2 (u) is isomorphic to Ind G G K as a G -representation, while the Q-subspace generated by e 1 , · · · , e m is G -stable and Ind G G K does not appear in it. Indeed, it is contained in Ind G G V . Hence, log p (i p (i 1 (u) )), log p (i p (i 2 (u))), log p (i p (e 1 )), · · · , log p (i p (e m )) are linearly independent over Z and hence, over Q.
Recall that the p-adic Schanuel conjecture ( [7, Conjecture 3.10] ) states that if α 1 , · · · , α n ∈ Q p are such that log p (α 1 ), · · · , log p (α n ) are linearly independent over Q, then the field Q(log p (α 1 ), · · · , log p (α n )) has transcendence degree n over Q. Thus, if we assume the p-adic Schanuel conjecture to be true, then it follows that
) has transcendence degree m+2 over Q. But we have found above a polynomial over Q which is satisfied
. So, all the coefficients of that polynomial should be 0. Hence, it follows from the description of the
By the same logic, for all v ∈ O is true, then by [14, Theorem 6.4] , the Leopoldt conjecture is also true. Hence, Proposition 2 implies that dim t D 0 = 1 and dim t D = 3.
Suppose F is a totally real field such that n = 3 and it satisfies all the other conditions of case 5 of Theorem 1. Then, an element
g∈G ρ(g)
As K is neither totally real nor CM, K appears in Hom(G H 
Suppose both of them are non-zero. If we assume the p-adic Schanuel conjecture, then we get a contradiction using the same argument that we used above. So, after assuming the p-adic Suppose ρ = Ind
χ, G is a non-abelian dihedral group, K is a CM field and all primes of F above p are split in K. As K is a CM field, τ i ∈ C for all i. Thus, Ind
(it is clear that we can find such units). Therefore, if the Leopoldt conjecture is true for H, then Ind
As all primes of F above p are split in K, from the formulas we found earlier,
If the p-adic Schanuel conjecture is true, then by [14, Theorem 6.4] , the Leopoldt conjecture is also true. Hence, Proposition 2 implies that dim t D 0 = 1 and dim t D = n + 1.
χ, G is a non-abelian dihedral group, K has exactly 2(n − r) real embeddings and all primes of F above p are split in K. So, we see (after relabeling, if necessary) τ 1 , · · · , τ r ∈ G\C and τ r+1 = · · · = τ n = τ . Thus,
H ⊗ Z Q with multiplicity r and K appears in it with multiplicity n − r. Hence, the subspace
we can find such units). Therefore, if the Leopoldt conjecture is true for H, then Ind
with multiplicity 2n − r and K appears in it with multiplicity r.
As all primes of F above p are split in K, from the formulas we found earlier, it
Hence, we easily see that
. Recall that, b and c together generate Ind 
Now, suppose dim t D > n − r i.e. the dimension of the vector space generated
Hence, the rank of the r ×n matrix (
is less than r and as a consequence, the determinant of every r × r minor of this matrix is 0. In particular, det
Using the same logic as used in the CM case above, we see that, after assuming the
As in the previous subcase (CM case) above, we can label the standard basis of C n|G| 2 by i j • g j 1≤j≤n,g j ∈G/{1,τ j } and give the action of G by g .
where [g g j ] is the element in G/ {1, τ j } which represents the left coset of g g j in
Note that, the set of left coset representatives of G/ {1, τ j } can be given by C for all 1 ≤ j ≤ r, so we will use it for coset representatives for 1 ≤ j ≤ r in the map above. From Minkowski's proof of Dirichlet's unit theorem, we know that this map is injective and the C-vector space generated by Im(φ) has dimension n|G| 2 − 1 and is isomorphic to ⊕ n j=1 Ind G {1,τ j } 1\1 as a G-representation.
early independent vectors and C acts on them by
Note that, the sub-representation of C n|G| 2
given by ⊕ n j=r+1 Ind G {1,τ j } 1, which is generated co-ordinates corresponding to i j • g j with r + 1 ≤ j ≤ n and g j ∈ G/ {1, τ j }, does not contain Ind
. Thus, it does not contain any non-zero vector on
So, we see that the r-tuples
are linearly independent (these vectors are obtained by taking (i j • 1)-th co-ordinates (for 1 ≤ j ≤ r) of the r linearly independent vectors given above). Therefore, the matrix (
is invertible and det( g∈C (χ/χ σ )(g) log |i j (g −1 (x l ))|) 1≤j≤r,1≤l≤r = 0. But we al-
Thus, we get a contradiction to our assumption that dim t D > n − r, after assuming the p-adic Schanuel conjecture. Hence, after assuming the p-adic Schanuel conjecture, we see that dim t D = n − r.
As all primes of F above p are split in K, from (5), it follows that if If the p-adic Schanuel conjecture is true, then by [14, Theorem 6.4] , the Leopoldt conjecture is also true. So, K appears in Hom(G H , Q) with multiplicity r and 1 appears with multiplicity one. So, we see that a 1 + d 1 = · · · = a n + d n and the vector space generated by n-tuples (a 1 − d 1 , · · · , a n − d n ) coming from all possible a k 's and d k 's should have dimension r. Hence, the dimension of the space generated by the 2n-tuples (a 1 , · · · , a n , d 1 , · · · , d n ) which give rise to an element of t D when substituted in the equation above with b 1 = · · · = b n = 0 has dimension r + 1.
Thus, combining all the observations above, we see that dim t D = dim t D +r+1 = (n − r) + r + 1 = n + 1. This concludes the proof of Theorem 1 for the third case.
Ordinary locus of the Eigenvariety and its properties
As in the introduction, let E be the p-adic eigenvariety parameterizing Hilbert modular eigenforms of tame level N defined over F . It is constructed using the Hecke operators U p i for p i |p and T (q) for q N p. It is reduced and there is a flat and locally finite morphism κ : E → W, called the weight map (see [1] for more details about the construction). By construction, there exists analytic functions
exists a continuous pseudo-character G F → O(E) which sends Frob q to T (q) for all q N p.
The locus where |U (p)| p = 1 is both open and closed in E, and we call it the ordinary locus of the eigenvariety. It is closely related to Hida families. If f (γ i ) is a refinement of f as in the introduction, then its system of eigenvalues corresponds to a point x ∈ E(Q p ) such that κ(x) has finite order. As U (p i )(x) = γ i is a p-adic unit for every 1 ≤ i ≤ r, x lies on the ordinary locus of E. Let T be the local ring of E at x and let m be its maximal ideal. So, the Krull dimension of T is n + 1.
The construction of the eigenvariety E in the parallel weight case is equivalent to the parallel weight eigenvariety C constructed by Kisin and Lai in [13] . Thus, C can be seen as a closed subvariety of E. This gives a surjective map O(E) O(C).
All the properties of E listed above also hold for C (after changing the weight space suitably) and x lies in C. In particular, we get a continuous pseudo-character G F → O(C) which sends Frob q to T (q) for all q N p. We can define the ordinary locus of C in the same way. It will be an open and closed subspace of C and moreover,
x lies in the ordinary locus of C. Let T 0 be the local ring of C at x with maximal ideal m 0 . Thus, we have a surjective map T T 0 . The Krull dimension of T 0 is 1. (1) and retain it in part (2). Otherwise, the proof remains the same.
Let Λ be the completed local ring of W at κ(x) and let m Λ be its maximal ideal.
It is isomorphic to a power series ring in n + 1 variables over Q p . The weight map κ induces a finite and flat homomorphism Λ → T of local reduced complete rings. The algebra of the fiber of κ at x is a local Artinian Q p -algebra given by Recall that f and hence, x is a point with parallel weights. Therefore, the largest quotient T ord of T such that the composition of ρ T with the quotient map T T ord is an ordinary deformation of ρ should have "parallel weights" and hence, the quotient map T → T ord factors through T 0 . From Proposition 4, it follows that the quotient map T T 0 factors through T ord . Hence, we get T ord = T 0 . From the arguments of [4, Section 6], we see that the largest quotient of T 0 such that the composition of ρ T 0 with the quotient map is a deformation of ρ with constant determinant is T . Hence, the largest quotient of T such that the composition of ρ T with the quotient map is an ordinary deformation of ρ with constant determinant is T .
Proofs of Theorems 2, 3, 4, 5
We retain the notation of the previous sections here. So in particular, let f be a classical, regular Hilbert modular form of parallel weight 1 defined over F satisfying the conditions of one of the Theorems 2, 3, 4, 5 and ρ be the Galois representation attached to it. Let f (γ i ) be a p-stabilization of f and let x be the corresponding point of E as in the previous section. Let T , T 0 and T be the rings associated to x in the previous section.
Recall that each case of Theorem 1 corresponds to one of the Theorems 2, 3, 4 and 5. The transcendence conjecture assumed in each case of Theorem 1 is also retained in its corresponding theorem. Hence, by Theorem 1, the tangent space dimension of the universal nearly ordinary deformation ring R of ρ occuring in Theorems 2, 3, 4, 5 is n + 1, under the corresponding assumptions. By Proposition 5, we have a surjective map R T . As T has Krull dimension n + 1, it follows that the morphism R T is an isomorphism of regular local rings of Krull dimension n + 1.
Therefore, this proves the part of Theorems 2, 3, 4, 5 regarding the smoothness of E at x. 
